
H E A T  E X C H A N G E  IN T H E  F L O W  O F  N O N - N E W T O N I A N  F L U I D S  

P .  V. T s o i  a n d  Sh .  N u r i d d i n o v  UDC 532.517.2:532.135 

A method is proposed for  solut ion of convective heat-exchange problems for  the flow of 
non-Newtonian fluids in pipes and channels. P rob lems  with a l inear  r i s e  in the tube wall 
t empera tu re  a r e  investigated in detail. 

Various dependences between the s t r e s s  and shear  ra te  a re  known for  non-Newtonian fluid flows [1]. 
The most  widespread and s imple is the power- law theological  flow 

--_ - k { d lm. (,) 
\ .dr ! 

The veloci ty  prof i les  for  laminar  hydrodynamical ly  stabil ized flows of such media a re  determined by the 
equations 

m+__jl 

in a c i r cu la r  tube and 
m+__A' 

w(y) ( 2 m + l ) w a v l l - - (  Y ) '~ L ~ . .' --b~y.~..b. (3) 

in a p lane-paraUel  channel. 

Resul ts  of invest igat ions on heat exchange a r e  presented in [2] by the method of the integral  heat 
balance far  f rom the entrance to the tube for the flow of anomalous fluids with a theological  power law. The 
authors  show that the t empe ra tu r e  curves  differ  only slightly for  d ive rse  values of m for substantial ly dif-  
fe ren t  veloci ty  profi les .  Such a r e su l t  is evidently valid just for  the case  when the heat of f r ic t ion  is not 
taken into the computation. 

In o rde r  to de te rmine  the t empera tu re  in a fluid flow in a c i r cu la r  tube, and the length of the initial 
seet ion of the rmal  s tabi l izat ion behind which the solutions in [2] will be valid, the following problem must  
be solved: 

m+l~ OT 02T 1 07' 1 z (3m -k 1) ( i  - -  p-~- ]  = -f- - -  - -  A- d (p, X), X = R '  (4) 

iT(P,  X ) ] x = o = T  o, iT(P, X)]o=,=$(X ), 0 ~ z < o o .  (5) 

We obtain the solution to the problem by the method elucidated in [6, 7]. Let us a s sume  

(p, s) = i T (p, X) exp (-- sX) dX; 
0 

then af te r  using the Laplace t r ans fo rm,  the problem is reduced to 

1 d ( d T - )  (3m+ 1)( 1 " + ' ,  
p dp P-'@-- m ~ l  _ p r o  )[sT(p, s)--To] = 0 ,  

IT(p, 

(6) 

(7) 
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F o l l o w i n g  the  m e t h o d  of B u b n o v - G a l e r k i n  [5], l e t  us  s e e k  the s o l u t i o n  of the  b o u n d a r y  v a l u e  p r o b l e m  

(6), (7) a s  
n 

w h e r e  the  c o o r d i n a t e  func t ions  ~k(P) (k = 1, 2, . . . , n) a r e  l i n e a r l y  i n d e p e n d e n t  and  s a t i s f y  the  h o m o g e n e o u s  
b o u n d a r y  cond i t i ons  

[*k  (~))] O =1 = 0. 

T h e  t r a n s f o r m  c o e f f i c i e n t s  ak(s )  (k = 1, 2, . . . , n) f o r  w h i c h  (8) b e s t  s a t i s f i e s  t h e  b o u n d a r y  v a l u e  

p r o b l e m  (6), (7) a r e  d e t e r m i n e d  f r o m  the s y s t e m  [7] 

{ s  } ( ] =  1, 2 . . . . .  n), (9) 

w h e t  e 

D~ (s)  

1 

Aik = Aki = j" .d*id9 
0 

Bj~ = Bki 3m § 1 
m + l  

3mm_]_ l § I [T,--s-~ (s)] 

0 

d,h . pd9, 
do 

i 

- -  ~ (1 - -  p m ) * j ~ . p d p ;  

0 
I 1 

m~-I ~ ~ O 0  
( 1 - -  p z ) * i  (P) 9dp + ~flp,  

0 

(10) 

Le t  

A(s) (11) 

be  the  s o l u t i o n  of the  g o v e r n i n g  B u b n o v - G a l e r k i n  s y s t e m  fo r  6 (p, x) = 0; s = I A + Bs] i s  the  m a i n  d e -  
t e r m i n a n t  of the  s y s t e m  (9). 
p r o b l e m  posed  a s  

w h e r e  

Going  o v e r  to the  d o m a i n  of o r i g i n a l s  f o r m a l l y ,  we ob t a in  the  s o l u t i o n  of the  

n 
r n  (p, X) = ~(X) + ~ak(X)%(O), (12) 

n X 

A,, (s3 [sl (X co* (o~) d~; , - -  exp --- a)] 
A (s3 

~o* (X) - T o - s ~ ( s ) ;  s i a r e  the  r o o t s  of the  equa t ion  A(S) = 0. 
s y s t e m  (9) i s  s y m m e t r i c ,  and i t s  e l e m e n t s  a r e  p o s i t i v e .  Al l  the r o o t s  s i a r e  hence  r e a l  and n e g a -  
t ive .  

Le t  us  c o n s i d e r  the  p r o b l e m  fo r  a l i n e a r  r i s e  in  w a l l  t e m p e r a t u r e  

IT(P, X)]o=, = T O + Arz = T O + AT*X, AT* = ATPeR. 

Le t  us  f i r s t  i n v e s t i g a t e  the  t e m p e r a t u r e  f i e ld  f a r  f r o m  the  tube  e n t r a n c e .  

T(p, X) = To + 5T*X ~- T 1 (p), 

w h e r e  the  unknown func t ion  T t (p) s a t i s f i e s  the  cond i t i on  

The matrix of the main determinant of the 

(13) 

We s e e k  th i s  s o l u t i o n  in the  f o r m  

(14) 

T1(1)=0, ( at1 =o. 
\ dp ]o=o 

(15) 
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Le t  us  subs t i t u t e  (14) into (4) and le t  us  a s s u m e  @ (p, X) = 0, then  

( 3 m + l )  (1 m+h ( dr,~. __p,n ) A T * =  1 d 
f -d - -eV 1 dt / 

I n t e g r a t i n g  this  equa t ion  unde r  the condi t ions  (15), we  obta in  

(3m -b I) AT* [ 5m 2 + 6m -t- 1 
T, (p) = m -~ i- 4 (am q- 1) 2 

(16) 

4 ~ I--~--- " (17) 

The  r e l a t i v e  e x c e s s  t e m p e r a t u r e  i s  r e d u c e d  to 

(1, X , m ) -  T - - T  o _ X  3m-k 1 
AT* m +  1 

f r o m  which 

5m -t- 6m q- 1 O 2 / m \2 3"+____LI ] & 
4 (3rn -t- 1) 2 4 ' ~3--m--~)  P m , (18) 

- - (d -~p )p= l=  12 ' (19) 

i . e . ,  the t e m p e r a t u r e  g r a d i e n t  (heat flux) a t  the wal l  is  independent  of the coo rd ina t e  X and the r h e o l o g i c a l  
p a r a m e t e r  m fo r  a l i n e a r  r i s e  in  the wa l l  t e m p e r a t u r e ,  and equa ls  a cons tan t .  

The  m i n i m u m  N u s s e l t  c r i t e r i o n  i s  

--2(O~p )p=t 8(5m+t)(3m+l)(m+l) 
Numin = N(m) = O--OcT -- 31m3_l._43m~q_13m4.1 (20) 

F o r  a Newtonian  fluid (m = 1) we  obta in  

O(p, X, 1) X ( 3 1 2 1 ) - - j - _  
= _ 1 + o e ,  8 2 

48 
- -  = 4.364. (21) Numm ~- 11 

A s s u m i n g  m = 0 we  ob ta in  f o r  channe l  f low 

(9, X, 0) = X .  + ( 1  --9~), Numin = 0 8. (22) 

T h e r e f o r e ,  f o r  the two p a r t i c u l a r  c a s e s  we have  obta ined r e s u l t s  a g r e e i n g  with those  of F e r g u s o n  [4] and 
U s t i m e n k o  et  al.  [3]. The  dependence  of Numi  n on the p a r a m e t e r  m ,  compu ted  by m e a n s  of (20), i s  r e p r e -  
sen ted  g r a p h i c a l l y  in  Fig.  1. 

F o r  an  idea l ly  d i l a t an t  m a t e r i a l ,  we obta in  f r o m  (20) fo r  m - -  ~o 

120 
lira N (m) = ~ = 3.871. 

31 

The  v e l o c i t y  p r o f i l e s  and t e m p e r a t u r e s  in a non -Newton ian  fluid s t r e a m  a r e  r e p r e s e n t e d  in Fig.  2 
f o r  d i f f e r e n t  v a l u e s  of the p a r a m e t e r  m on the  s t ab i l i zed  sec t ions .  

Le t  us  f ind the t e m p e r a t u r e  in a s t r e a m  of m e d i u m  and the r e g u l a r i t i e s  of the  hea t  exchange  a t  the 
in i t ia l  s e c t i o n  of the tube. Our  p r e l i m i n a r y  s tud i e s  of the t e m p e r a t u r e  f a r  f r o m  the tube  e n t r a n c e  p e r m i t  
the  c o n s t r u c t i o n  of the so lu t ion  in tha t  s y s t e m  of c o o r d i n a t e  func t ions  f o r  which  we obta in  the b e s t  a p p r o x i -  
mat ion .  Le t  us  s e e k  the  a p p r o x i m a t e  so lu t ion  in a f a m i l y  of func t ions  of the  f o r m  

n 

T--n(p, s) T O _~ AT* ~ [ 5m2q-6mq-1  p2 [ m \2 am+l- I . . . . .  p ~  p2tk--l) 
s - 7  + ~ . . a ( s )  L 4 (3m~-1) '  4 t - [ 3 m _ k l  ) J " (23) 

F o r  s i m p l i c i t y ,  a l l  the subsequen t  ca l cu l a t i ons  wi l l  be  c a r r i e d  out fo r  spec i f i c  v a l u e s  of the p a r a m -  
e t e r  m.  

F o r  m = 1 / 3  (pseudoplas t ic )  the gove rn ing  s y s t e m  (9) r e d u c e s  fo r  the  th i rd  a p p r o x i m a t i o n  (n = 3) 
to the fol lowing:  
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Fig. 1. Dependence  of NUmi n on the p a r a m e t e r  m. 

X - e ~  

o o,0 o,s p 
Fig.  2 

Fig.  2. Ve loc i ty  p ro f i l e s  (a) and t e m p e r a t u r e s  (b) in a s t r e a m  on non-Newton ian  fluid for  
m = 0; 1 / 3 ;  1; 3; ~o. 

(,9~_ + o8o,o7~ s)~,  + ( 1 +  16128o3'9 ~)-a~ + (,3~ + 29937,o2~'3 ~) ~ ' :  28819 ~T.s 

(~,-+ ~1o,2~o3'9 s)a- ~,+ ( ,3~ + 2993,6o2219)~ ~s,+ (8o9__+,o2o,o ,35,5oo'39' ~)~s~_ 1 ~T.5o s 

(,3 2~,3 )~l~s,+(1020~176 , ~2,, 8 - ~  + 2993760 s 809 1397 67 349 s~ - 3 AT* 
, 640 s ' 

f r o m  which we obta in  by  so lv ing  a t runca ted  f i r s t - o r d e r  s y s t e m  

2 s s + 4.2689 

The r e l a t i v e  e x c e s s  t e m p e r a t u r e  is wr i t t en  in a f i r s t  a p p r o x i m a t i o n  as  

O(p, X)= T--To = X - -  3 [1--exp(--4.2689X)]( 2 P2 ~ 1 ) 
--AT* " ~ 9 4 ~ -9~ " I25) 

We d e t e r m i n e  a 1 (s),._a 2 (s) f r o m  the t runca ted  s e c o n d - o r d e r  B u b n o v - G a l e r k i n  sy s t em,  and then find 
the c o e f f i c i e n t - o r i g i n a l s  a s(X), a 2 (X). Then the so lu t ion  in a second a p p r o x i m a t i o n  is 

e (9, X) = T - -  To = X - -  [0.0417 - -  0.0445 exp ( - -  4.1802X) + 0.0028 
AT* 

• exp(--31.6180X)] ( 8 - -  9p2 + p~) - -  0.0142 [exp(--4.1802X)--exp(--31,6180X)] (8p2--9p ' +9s). (26) 

F o r  the m e a n  m a s s  t e m p e r a t u r e  in the fluid s t r e a m  we obtain  

0 (X) = X - -  0.1981 + 0.1931 exp ( - -  4.1802X) + 0.0050 exp (--  31.6180X). (27) 

Let  us wr i t e  the loca l  Nusse l t  c r i t e r i o n  by r e f e r r i n g  the coef f ic ien t  of hea t  exchange  to the loca l  t e m p e r a -  
t u r e  d i f f e rence  |  - ~ :  

NU = N(X) (9 w 2__ ~) ( .0pO)o=, = 5.053[I--0,727exp(--4.180X)--O.273exp(--31.618X)] (28) 
1 ~ 0,975 exp (--  4.180X) ~ 0.025 exp (--31.6 I8X) 

Behind the t h e r m a l  s t ab i l i za t ion  sec t ion ,  we obtain  f r o m  (25), (26), (28) fo r  suf f ic ien t ly  l a r g e  X 

O(p, X ) = X - - T  9 4 -F-~P" , 
i 

lira N (X) = 5.053. (29) 
X ~  
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Fig. 3. Change in the loca l  
Nusse l t  c r i t e r i o n  fo r  a 
l i nea r  r i s e  in wal l  t e m p e r -  
a t u r e  and n = 0; 1 / 3 ;  1; oo. 

It is  ea sy  to note tha t  the r e s u l t s  obtained a g r e e  with the va lues  of (18), 
(20) f o r  m = 1 / 3 .  T h e r e f o r e ,  the a p p r o x i m a t e  so lu t ions  f a r  f r o m  the tube 
e n t r a n c e  a g r e e  with the exac t  solut ions.  

It fol lows f r o m  (25), (26) that  the d i s c r e p a n c y  in the ca lcu la t ion  of 
the f i r s t  e igenva lue  be tween the f i r s t  and second  app rox ima t ions  is about  
2%. Equat ing  the m a i n  de t e rminan t  of the s y s t e m  (24) to ze ro ,  we obtain  

s~-~ --4.1742; s2---- --24,8021; sa = - -  123.6350. 

We see  that  the d i f f e rence  in ca lcu la t ing  the f i r s t  e igenvalue  be tween the 
second  and th i rd  a p p r o x i m a t i o n s  is 0.14%. Hence,  it can  be cons ide red  
that  the f i r s t  e igenva lue  has  been  d e t e r m i n e d  with suff ic ient  a c c u r a c y .  
T h e r e f o r e ,  the t e m p e r a t u r e  s t ab i l i za t ion  a long a fluid s t r e a m ,  computed  
by m e a n s  of the a p p r o x i m a t e  so lu t ion  (26), will  p r a c t i c a l l y  a g r e e  with the 
exac t  value.  

Fo r  channel  f low (m = 0, w(p) = Way = const) the r e l a t i ve  exces s  t e m p e r a t u r e  and local  Nusse l t  c r i t e r i o n  
a r e  wr i t t en  in a second  a p p r o x i m a t i o n  a s  

O(p, X) T - -To  = X - - 1  [1--1.1002 exp ( - -  5.7842X) + 0.1002 
AT* 4 

• exp ( -  36,8824x)] (1 - p~) - o. 1072 [exp ( -  5,7842x) - exp (--  36.8824X)] (p~ - -  p4), (30) 

Nu = N (X)= 8 I1 - -  0.6715 exp (--  5.7842X) - -  0.3285 exp (--36.8824X)_] (31) 
1 - -  0.9568 exp (--5.7842X)--  0,0432 exp (--36,8824X) ' 

f r o m  which  we obta in  r e l a t i onsh ip s  a g r e e i n g  with (18), (20) fo r  m = 0 in the l imi t  a s  X ~ ~o. 

The f i r s t  e igenva lue  in the a p p r o x i m a t e  so lu t ion  (30) equals  5.7842 and d i f fe rs  f r o m  the exac t  va lue  
el = 5.7831, w h e r e  el is the f i r s t  roo t  of the z e r o - o r d e r  B e s s e l  funct ion of the f i r s t  s e r i e s ,  by just  0.019%. 
T h e r e f o r e ,  the exponent ia l  t e m p e r a t u r e  s t ab i l i za t ion  a long a s t r e a m ,  computed  by m e a n s  of (30), will  
a g r e e  with the t e m p e r a t u r e  s t ab i l i za t ion  in the exac t  solut ion.  Let  us note  tha t  (4) fo r  channel  flow (m = 0) 
a g r e e s  with the equa t ion  of heat  conduct ion.  Hence,  t h e r e  is an  oppor tun i ty  to c o m p a r e  the app rox im a te  
and exac t  so lut ions .  Such c o m p a r i s o n s  have shown tha t  the so lu t ions  in a second  and th i rd  a p p r o x i m a t i o n  
p e r m i t  c a r r y i n g  out highly a c c u r a t e  t h e r m a l  eng inee r ing  computa t ions .  

F o r  an  idea l ly  d i la tant  m e d i u m  (m = r the t e m p e r a t u r e  d i s t r ibu t ion  in the s t r e a m  fo r  a l inear  r i s e  
in the wall  t e m p e r a t u r e  r e d u c e s  in a th i rd  a p p r o x i m a t i o n  to the f o r m  

(p, X) T--- To = X - -  0,0844 (5 - -  993 + @3) + ~ ap,~ (p) exp (--  st, X), (32) 
AT* k=l 

w h e r e  

~p~ (p) = (3.2484 - -  1.610592 § 0,930 Ip') % (9); 

~P2 (P) = (--0.2254 -~ 1.8831p 2 - -  1.533994) r (P); 

~ (9) = (0.0159 - -  0,272692 + 0,605894) % (p); 

1 
~0 (9) = -~ -  (5 --992+493); 81=3.2641; s2=21.9749; Sa= 141.3009. 

(33) 

The loca l  N u s s e l t c r i t e r i o n  is 

N u  
2 \ 0p /o=1 = 

3 or 

3 ! 

3.1.0.0844 - -  6 Z exp (--skX) S xp~ (p) (p - -  p2) dp 
k=l  0 

(34) 

f r o m  which 

12 
limNu = = 3.871. 

3.1 
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Fina l ly ,  l e t  us  c o n s i d e r  the hea t  exchange  in a f low of n o r m a l  Newtonian  fluid (In = 1). Let  us put 
m = 1 in (2) and le t  us  so lve  the b o u n d a r y  va lue  p r o b l e m  (4), (5) f o r  a l i n e a r  r i s e  in the wal l  t e m p e r a t u r e  
(13). 

F o r  n = 3 the s y s t e m  (9) r e d u c e s  to 

- ~  7 - ~  ~ ;~(~)+ ~ - ~ 5 + 3 - ~  ~ ~(~)+ - - ~  71680 ,~ %C~)=-]~- ~, 

(Ol 
1 - ~  + ~ s ax (s)+ + --71680 s a~ (s)+ --13440 -~ --645120 s ~ ~ [T O - -  s~ (s)], (35) 

( 1  31 ) - (  61 113 ) -  ( 17 3 
~ 71680 s a l ( s ) +  - - 4  - - s  a2 ( s )+  + 13440 ' 645120 4 - ~  35840 

1 [ r 0 -  ,~ (~)J. 

In  our  c a s e  T O - - s ~ ( s )  = - - A T * / s .  D e t e r m i n i n g  the coe f f i c i en t s  ak ( s  ) (k = 1, 2, 3) f r o m  this  s y s t e m  and 
r e t u r n i n g  to the  d o m a i n  of o r i g i n a l s ,  we can  find the  a p p r o x i m a t e  solut ion.  We o m i t  a l l  i n t e r m e d i a t e  c a l -  
cu ia t ions  and p r e s e n t  the fix,.al r e s u l t s  of a t e m p e r a t u r e  c o m p u t a t i o n  in  the  th i rd  a p p r o x i m a t i o n  

O(9, X ) ~ X - -  1 ( 3 - - 4 p  ~ + 9 ' )  1 ~ . 8 + ~ -  % (p) exp ( - -  s~X), (36) 

w h e r e  

@~ = 8 , 2 3 9 2 -  14.09409~ + 8 .471094-  3,1430p~ + 0~5268p8; 

@; = --2,5883 + 7.198892 - -  8.790494 + 5. 15689 * - -  0.9769p~; 

~ = 0.3491 - -  1, 1048p z + 2.3194p 4 -  2,01389" + 0.450loS; 

s~ = 3.~572; s~ = 23,11~_2; s~ =- t37,68~5, 

Le t  us  note  tha t  to c o n s e r v e  the s t ab i l i t y  of the g o v e r n i n g  s y s t e m  (35), a l l  the i n t e r m e d i a t e  ca l cu l a t i ons  
have  been  p e r f o r m e d  to the a c c u r a c y  of the s ix th  p lace  a f t e r  the dec ima l .  

F o r  X = 0, p = 1, r e s p e c t i v e l y ,  we  obta in  f r o m  (36) 

T(p, ~;5 = T0, T( I .  X) = To+ AT*X, 

i . e . ,  the a p p r o x i m a t e  so lu t ion  s a t i s f i e s  the t e m p e r a t u r e  condi t ions  a t  the tube e n t r a n c e  and wal l s  c o m -  
p le teIy .  

F o r  the loca l  N u s s e l t  c r i t e r i o n  we  obta in  
3 

l +  1--6 ~, oo /o=~ exp(-s~x) 
Nu = k=l 

3 1 

- ~ -  + - ~ -  exp (--shX) ,~ (0) (9 " p  2) dp 

k = l  0 

(37) 

f r o m  which 

48 
lira Nu = l~i- = 4.364. (38) 

Le t  us  note that  the s y s t e m  (35) p e r m i t s  i nves t i ga t i on  of the hea t  exchange  f o r  a Newtonian fluid fo r  any  
o the r  l aws  of ~a~i  t e m p e r ~ t n r e  v a r i a t i o n .  

The  change  in the loca l  N u s s e l t  c r i t e r i o n  a long  a f low of a m e d i u m  is  r e p r e s e n t e d  g r a p h i c a l l y  in Fig.  
3 fo r  m = 0; 1 / 3 ;  1; ~o. 
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The resul t s  of investigations show that the exponential drop in the local Nusselt  c r i te r ion  at a tube 
entrance depends on the pa ramete r  m and the length of the thermal  stabil ization section depends on the 
veloci ty  profile. For  an equivalent value of Pe the thermal  stabilization section takes on a minimal value 
for  channel flow and a maximal  value for an ideally dilatant medium (m = ~). 

In conclusion, let us note that the heat exchange in a flow of anomalous media in a plane channel taking 
account  of the heat of f r ic t ion and other internal sources  of heat l iberation is investigated completely 
analogously. 

T (O, X) 
T(t~, s) 
r ,  R, p 

s 

Wa V 

N O T A T I O N  

is the t empera tu re  in the fluid s t ream;  
is the Laplace t r ans fo rm of the tempera ture ;  
a re  the running radius,  radius,  and dimensionless  radius of the tube; 
is the sign of t ransformat ion  f rom original  to t r ans fo rm and back; 
is the pa rame te r  of the integral  Laplace t rans form;  
is the mean s t r eam velocity. 

1~ 

2. 
3. 

4. 

5. 

6. 

7. 
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